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Abstract. For the p-harmonic function with strictly convex level sets, we find a test 
function which comes from the combination of the norm of gradient of the p-harmonic 
function and the smallest principal curvature of the level sets of p-harmonic function. We 
prove that this curvature function is convex with respect to the height of the p-harmonic 
function. This test function is an affine function of the height when the p-harmonic 
function is the p-Green function on the ball. For the minimal graph, we obtain a similar 
Mh ' results. 

< 
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^— > . 1. Introduction 

In this paper, for p-harmonic function and minimal graph with strictly convex level 
sets, we shall explore the relation of its smallest principal curvature of the level sets and 
the height of the function. 
l/^ ' The convexity of the level sets of the solutions of elliptic partial differential equations 



in 



o 
o 



has been studied for a long time. For instance, Ahlfors pQ contains the well-known result 
that level curves of Green function on simply connected convex domain in the plane are 

lO ' the convex Jordan curves. In 1956, Shiffman [2l] studied the minimal annulus in M^ whose 

boundary consists of two closed convex curves in parallel planes Pi , P2 • He proved that 
the intersection of the surface with any parallel plane P, between Pi and P2) is a convex 
Jordan curve. In 1957, Gabriel [8j proved that the level sets of the Green function on a 

S^ . 3-dimensional bounded convex domain are strictly convex. In 1977, Lewis [13] extended 

^ . Gabriel's result to p-harmonic functions in higher dimensions. Caffarelli-Spruck [5j gener- 

alized the Lewis [13] results to a class of semilinear elliptic partial differential equations. 
Motivated by the result of Caffarelli- Friedman [Jj, Korevaar |12) gave a new proof on the 
results of Gabriel and Lewis by applying the deformation process and the constant rank 
theorem of the second fundamental form of the convex level sets of p-harmonic function. A 
survey of this subject is given by Kawohl |TI]. For more recent related extensions, please 
see the papers by Bianchini-Longinetti-Salani [3] and Bian-Guan-Ma-Xu [2]. 
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Now we turn to the curvature estimates of the level sets of the solutions of elliptic 
partial differential equations. For 2-dimensional harmonic function and minimal surface 
with convex level curves, Ortel-Schneider [22], Longinetti [2] and |15j proved that the 
curvature of the level curves attains its minimum on the boundary (see Talenti [25j for 
related results). Longinetti also studied the precisely relation between the curvature of 
the convex level curves and the height of 2-dimensional minimal surface in |15j . In 2008, 
Jost-Ma-Ou [10] and Ma- Ye- Ye [19] proved that the Gaussian curvature and the principal 
curvature of the convex level sets of 3-dimensional harmonic function attains its minimum 
on the boundary. Later, Ma-Ou-Zhang [18] got the Gaussian curvature estimates of the 
convex level sets on higher dimensional harmonic function, and Wang-Zhang [26] got the 
similar curvature estimates of some quasi-linear elliptic equations under certain structure 
condition [3] . Both of their test functions involved the Gaussian curvature of the boundary 
and the norm of the gradient on the boundary. For the principal curvature estimates in 
higher dimension, in terms of the principal curvature of the boundary and the norm of 
the gradient on the boundary, Chang-Ma- Yang [6] obtained the lower bound estimates 
of principal curvature for the strictly convex level sets of higher dimensional harmonic 
functions and solutions to a class of semilinear elliptic equations under certain structure 
condition [3] . Recently, in Guan-Xu [9] , they got a lower bound for the principal curvature 
of the level sets of solutions to a class of fully nonlinear elliptic equations in convex rings 
under the general structure condition [3] via the approach of constant rank theorem. For 
the harmonic functions in space forms, in Ma-Zhang |21j . they proved that the level sets 
are strictly convex and obtained a lower bound estimates for the Gaussian curvature of 
the convex level sets in convex rings. 

Naturally, we hope to give a further characterization of the curvature of the level sets. 
In Ma-Zhang [20j, they studied the concavity of the Gaussian curvature of the convex 
level sets of p-harmonic functions with respect to the height of the function, and got the 
following results. 

Theorem 1.1 (See [20]). Let u satisfy 

div(|Vn|P-2vn) = in f) = J]o\^i, 
u = on BVLq^ 

u = 1 on dVli, 

where VLq and Vii are hounded smooth convex domains in M",n > 2, 1 < p < -|-oo and 
Oi C Oq. Let K he the Gaussian curvature of the level sets. Then the function 

f{t) = min(|VnP+^-2PK);7^(x) 
xeVt 



CONVEXITY OF PRINCIPAL CURVATURE OF LEVEL SETS 3 

is a concave function for t £ (0,1). Equivalently, for any point x £ Tt, we have the 
following estimate 

Furthermore, the function f{t) is an affine function of the height t when the p-harmonic 
function is the p- Green function on the ball. 

As a counterpart, we shall consider the convexity of the smallest principal curvature of 
the level sets of p-harmonic function and minimal graph in this paper. 
Now we state our main theorems. 

Theorem 1.2. Let u satisfy 

dw{\Vu\P-'^Vu) = in 1) = J^o \ ^i, 
u = on dQo, 

u = 1 on di^i, 

where Qq and Qi are bounded smooth convex domains in M",?! > 2, 1 < p < +oo and 
r^i C r^Q. Let ki be the smallest principal curvature of the level sets. Then we have the 
following statements. 

(i) The function 

f{t) = max(|Vu|/cf^)(x) 
xeVt 

is a convex function for t G (0, 1). Equivalently, for any point x £ Tt, we have the 

following estimate 

(iVnlfcrMfx) < (1 - t) max(\Vu\k7'^) + tmax(\Vu\k"^). 

(a) For n = 3, p = 2, the function 

f{t) = minlog/ci(x) 
xeTt 

is a concave function for t £ (0, 1). Equivalently, for any point x £ Tt, we have the 
following estimate 

log ki (x) > (1 — t) min log ki + t min log fci . 

Now we give an example to show our estimate is sharp in some sense. 
Remark 1.3. Let u be the standard p- Green function on the ball i?i?(0) C M", i.e. 

{p—n p—n 

\x\ p-'^ — Rp-^ , for 1 < p < n; 
— log I a; I + log i?, for p = n. 
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Then 

f _ 1-n 

^^|a:|p-i, for 1 < p < n, 



for p = n, 



\Vu\{x) 

R' 
and the smallest principal curvature of the level set through x is 

ki{x) = \x\~ . 

Hence for t = u{x) and 1 < p < n, 

,,^ I, -U/ \ n — p P-" 

( Vn fc-i )[x) = X p-i 

p-l 

= -[u(x) + i?p-i 

p-l 

n — V n — p . P-" 

= -t^ -Rp-K 

p-l p-l 

For p = n, we have 

{\Vu\k^^){x) = 1. 

From the above calculation, we know \SIu\k'^ is an affine function on the height of the 
p- Green function. 

For the minimal graph, we have the following results. 

Theorem 1.4. Let u satisfy 

u = on dClo, 

u = 1 on dQi, 

where JIq (^'^'d ^i are bounded smooth convex domains in W^,n > 2, and Qi C 0,q. Let ki 
be the smallest principal curvature of the level sets. Then we have the following statements. 

(i) The function 

f{t) = max(|Vu|/cf^)(x) 
xeTt 

is a convex function for t G (0, 1). Equivalently, for any point x £ Tf, we have the 

following estimate 

{\Vu\k^^){x) < (l-t)max(|Vu|A;j"^) + tmax(|Vu|/cf^). 



(a) For the 3-dimensional case, the function 



f{t) = minlogA;i(x) 
xeTt 
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is a concave function for t £ (0, 1). Equivalently, for any point x G F^, we have the 
following estimate 

log ki (x) > (1 — t) min log ki +t min log ki . 
dflo dill 

Remark 1.5. For the 2- dimensional minimal graph over annulus, Longinetti [15] proved 
that f{t) = niin^gr^ log A;(x) is a concave function with respect to t. More precisely, for 
any point x ^Tt,^ <t <\, he got the following inequality 

log k{x) > (1 — t) min log k + t min log k, 
where k is the curvature of the level curves. 

The estimates above contain the norm of the gradient Vu, but it is well known that 
|Vn| attains its maximum and minimum on the boundary (18j . 

To prove Theorem ll.21 let (bij) be the second fundamental form of the convex level sets, 
and set 

ip{x,0 = -alog|Vu|(x) + log ( ^^^ii^i^i j on J7 X S"-^ 

id 

For suitable choice of a and /3, in Section 3 we will derive the following differential in- 
equality 

L{e'^'^) > mod Vgy? in n, 

where L is the elliptic operator associated to the p-Laplace operator and we have modified 
the terms involving V5199 with locally bounded coefficients. Then by applying a maximum 
principle argument, we can obtain the desired result. 

In Section 2, we first give the brief definitions on the support function of the level sets, 
then obtain another expression of the p-Laplace equation with support function and the 
associated elliptic operator, which appeared in [7] and [16]. We prove Theorem 11.21 in 
Section 3. In Section 4, we shall deal with the minimal graph, and complete the proof of 
Theorem 11.41 The main technique in the proof of the theorems consists of rearranging the 
second and third derivative terms using the equation and the first derivative condition for 
if. The key idea is the Pogorelov's method in a priori estimates for fully nonlinear elliptic 
equations. 

Acknowledgment: The authors would like to thank Professor Xi-Nan Ma for his 
guidance and encouragement during the writing of the paper. 

2. Support function 

First we start by introducing some basic concepts and notations. Let Oq and Oi be two 
bounded smooth open convex domains in M" such that f^i C Qq and let il = f^o \ ^i- Let 
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u : fi — 7- M be a smooth function with |Vn| > in $7, and its level sets are strictly convex 
with respect to the normal direction Vu. 

For the sake of simplicity, we will assume that 

u = on di^o, u = 1 on di^i. 

For < t < 1, we set 

rJi = {x G r^o : u > t}; 

note that, throughout this paper, we systematically extend u = 1 in 0,i. Then every x £ 0, 
belongs to the boundary of ^.^(^^y 

Under these assumptions, it is then possible to define a function 

i7 : R" X [0, 1] ^ M 

as follows: for each t G [0, 1], H{-,t) is the support function of the convex body Ot, i.e. 

H{X,t) = Hj^^{X) VX G M", te [0, 1]. 

We call H the support function of u. 

The rest of this section is devoted to derive the p-Laplace equation by means of support 
function. Before doing this, we should reformulate the first and second derivatives of u in 
support function h which is the restriction of H{-,t) to the unit sphere S"'~^, see [71 ll7[[23] . 
But for convenience of the reader, we report the main steps here. 

Recall that h is the restriction of H to S"~i x [0,1], so h{e,t) = H{Y{e),t) where 
Y G S"~^ and ^ = (^i, • • • , On-i) is a local coordinate system on S""-*^. Since the level sets 
of u are strictly convex, we can define the map 

x{X,t) = x^^iX), 

which for every {X,t) G W^ \ {0} x (0, 1) assigns the unique point x G $7 on the level set 

{u = t} where the gradient of u is parallel to X (and orientation reversed). 

Let 

r,_dY_ 

so that {Ti, • • • ,T„_i} is a tangent frame field on S*^"^, and let 

x{e,t) = x^^{Y(6))- 

we denote its inverse map by 

V : (xi,--- ,x„) -^ {Oi,--- ,On-i,t). 

For h{6,t) = {x{6,t),Y{6)), since Y is orthogonal to dilf at x{9,t), differentiating the 
previous equation we obtain 

hi = {x,Ti). 
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In order to simplify the calculation, at any fixed point x, we can also assume that 
{Ti, • • • ,r„_i,y} is an orthonormal frame positively oriented. Hence, from the previous 
two equalities, we have 

x = hY + ^hiTi, 

i 

and 

-QQ- = -^ijY at X, 

where the summation index runs from 1 to n — 1 if no extra explanation, and 5ij is the 
standard Kronecker symbol. Following [7J, we obtain at the considered point x, 

i 

-Qf, = ^Tj + ^hijTi, i = l,---,n-l. 

■^ i 

The inverse of the above Jacobian matrix is 

dt 

^^ = V^[^]«> a = l,---,n; 

(2.1) Q^. 

^ = ^ 6*J [Tj - ht^htjY]^,, a = 1, • • • , n, 
j 

where [-Jq, denotes the a-coordinate of the vector in the bracket and b^^ denotes the inverse 
tensor of the second fundamental form 

/ dx dY \ 

(2.2) ^- = \5^'M-/ ="'- + "-• 

of the level set dO,t at x{9, t). The eigenvalue of the tensor b^^ are the principal curvatures 
Ki, • • • , Kn-i of dQt at x{6,t) (see [23j). 

The first equation of (j2.ip can be rewritten as 

where the left hand side is computed at x{6, t) while the right hand side is computed at 
{6,t), it follows that 

By chain rule and (|2.ip , the second derivatives of u in terms of h can be computed as 

(2.3) Uo,^ = Y}-K^huY + ht^TiUb'^[Tj - K^ht,Y]p - h^^htt[YUY]f,, 

id 

for a, /3 = 1, • • • ,n. 
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Thus the p-Laplace equation reads 
(2.4) hu = Y^ (-^hl6i, + htihtj] b'^, 

and the associated hnear elhptic operator is 

For more details, please see [7| and [16]. 

Now we state two well known commutation formulas for the covariant derivatives of a 
smooth function u G C^(S"^"^): 

(2.6) 

Uijkl — Uijlk — UikSji — Uii6jk + UkjSii — Uij5ik- 

They will be used in the next section. 

3. Convexity of the smallest principal curvature of the convex level sets 

of p-harmonic functions 

We first state the following lemma which appeared in |15) . then we prove Theorem 11.21 
For a continuous function f{t) on [0, 1] we define its generalized second order derivative at 
any point t in (0, 1) as 

Lemma 3.1 (See [15j). Let Q = S"^-*^ x (0, 1) and G{9, t) be a regular function in Q such 
that 

^{G{9,t))>0 for{e,t)eQ, 
where J£ is an elliptic operator of the form 

^ do^de^ ^ dOidt ^ dt^ ^ dOi 

i,j ■' i i 

with regular coefficients a^^ ,U,d. 
Set 

ct>{t) =max{G(6',t)|^GS"-i}. 
Then (f)[t) satisfies the following differential inequality 

D^(j){t) > 0. 
Moreover, 4>{t) is a convex function with respect to t. 
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Since the level sets of u are strictly convex with respect to the normal direction Vu, 
the matrix of the second fundamental form (5jj) is positive definite in il. By rotating the 
coordinate system, we may set 

LP = a\og{-ht) + log 611, 

where 611 is the largest principal radius of the level sets. For a = —1 and /3 = 1, it follows 
that 

e'^'P = \Vu\k-\ 

where ki is the smallest principal curvature of the level sets. We will derive the following 
differential inequality 

(3.1) Lief^"^) > mod Ve(p in n, 

where the elliptic operator L is given in ()2.5p and we have modified the terms involving 
V51C/P with locally bounded coefficients. Then by applying the maximum principle argument 
in Lemma l3.lt we can obtain the desired result. 

In order to prove (13. ip at an arbitrary point xq G Cl, we may assume the matrix (6jj(xo)) 
is diagonal by choosing suitable orthonormal frame. From now on, all the calculation will 
be done at the fixed point xq. In the following, we shall prove Theorem 11.21 in two steps. 



Proof of Theorem \1.S\ 

Stepl: we first compute L{ip) in (I3.18p . 
Since 

LP = a\og{-ht) + log 611, 
taking first derivative of ip, we get 

(3.2) ^ = ah^^htj + b'%ij, 

(3.3) ^ = ah^'hu + b'%i,t. 

Taking derivative of equation p.2p and ()3.3p once more, we have 



de^de 



2 



-ah^ '^htihtj + ah^ ^htji - ^ b^''brs,ib''^biij + b^^buji, 



- -ah^'^htihtt + ah^^htti - ^ b^''brs,ib''^bii^t + b^^bu^u, 



dOidt 



-aht 24 + ah^ ^hut - Y^ b^''brs,tb'^bn,t + b^%i,tt, 
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nence 

L{ip)-- 


= - ah^^ 




+ ah^^ 


(3.4) 


- ih^'f 




+ b^^L{b 
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Y, {-^hl5,j + htiht^ b^'V^huhtj - 2 Y^ hlU'htt + hi 
i,j ^ ^ i -I 

Y ( —^hl5ij + huhtj J b^'V^htji - 2 ^ /iti6**/itii + /it 

J^ ( ^-y/i^f^ij + huhtj j 6'V^'6ii,i6ii J - 2 ^ hubHii^ibu,t + ^fi,. 



iij 



= /l + /2 + Is + /4. 

In the rest of this section, we will deal with the four terms above respectively. By 
recalling our equation, i.e. 

(3.5) htt = Y (^jhj^i^ + htiht^ b'\ 



«j 



so at the point xq, we have 
(3.6) 



htt = -hlai + Y^lb" 

p — 1 ^—^ 



where o"i = ^j 6" is the mean curvature of the level sets. 
For the term /i, we have 



-2 



(3.7) 



/i = — ah^ 



ah^ 



a 



Y (^^t^ii + htiht,) bH" huhtj - 2 Y hlV'hu + 4 

i,j ^ ^ i 

-^hl Y{ht.U'f + ( Y. >'ub'' - hu 



jEihuty - j-^,hW. 



p — i ^—^ ' {p — 1)2 

Now we treat the term I2. Differentiating (j3.5p with respect to i, we have 
2 



(3.8) h 



ttt 



—-jhthtt(Ti + 2 ^ htuhtib'' - Y ( —^hf6^j + huhj j b^'V^bij^f 



By inserting (|3.8p into I21 we can get 



lo = a/i+ 



ah^ 



Y ( ^ry^t '^y + ^t^^tJ ) b^'V^htji -^Y hub^'htu + h 

i,j ^ ^ i 

Y [ ^TT^t'^'J "^ htihtjjb^'^b'^ihtji - hj^t) H —rhthttcri 
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Recalling the definition of the second fundamental form, i.e. ()2.2p . together with the 
equation (j3.6p . we obtain 



I2 = ahf 



-1 



Yj ( —^f^t^ij + htihj ] U'}y>\-ht5ij) + ——^hthuai 

i,j 



(3.9) 



2a 



P 



^/.? Y^ib-f -aY^ihuh-f + T-^,hlal 



+ 



2a 



P 



r^cTi Y ^' 



Combining dST]) and dM 



h + k 



1 -^-(2 



pa 



lE(huby + j-^hlal--^^hlYiy 



Lii\2 



(3.10) 



2a 



P 



j^i E ^?i^^ 



In order to deal with the last two terms, we shall compute L(6ii) in advance. By 
differentiating (j3.5p twice with respect to 6*1, we have 






ij+/iti/iti (-6%,,i6''^), 



and 
(3.11) 

hull 



E {-^hl5^j + /lii/ii,) 6^^^ + 2 ^ (-^h%, + huhtj] (-&'P6pg,i6«) 
■ ■ \P / 1 1 \P / 1 



i,J,p,q,T,s 



E (^^t'^^^i + ^**^*^) i-b^'^P^M^"') 



i,j,p,q 
= J1 + J2 + J3 + J4 

For the term Ji, we have 



Ji = E ( ——[^fSij + /lii/itj ) 6*^ 



^,J 



Y(z;^,'^^haS.,+h,ah,+huh,i]b- 



P 



.P 

2 2 
-/i?iCTi + -hthtiiai + 2 E hmihtib'' + 2 V 4i&'' 
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Applying ()2.6p for the support function h, we can get 

(3.12) htii = hut = bii^t - htSii, 

htm = hiut = bii,it — hitdii = bu^u — hitdn, 

hence we obtain 

Ji = 2 V htibHii^it + 2 V bHl t + -^htaib^i^t - 4.htb'Xi,t 
(3 13) * * 

p-1 p-1 *^ p-1 p-1 "^ 

For the term J2, we have 

-72 = 2 ^ f —-jhthti6ij + /ifji/itj + /itj/iiji j i-b''bij^iV^) 

(3.14) = —^hthtx ^(6")^6n,i - 4^ /iiii/itj6"b^'^'6ij- 1 

= - -^^hthtx Y.{\^'fbii^x - ^Y.ht^rV%^^hu.t + 4/ii6"^^^«'"6ii, 
Also we have 



(3.15) -^3 = 2^ (-^^\kj + ht,ht^ b''V^b''%k,ibjk,i. 
Again by ()2.6p . we have the following commutation rule 

byq,\\ = bll,pq + bpg — bu6pq + blqSlp — blp6lq. 

For the term J4, we have 

J4 = - ^ f ——hf6ij + htihtj j b'^V'^ibii^pg + 6pg - bu6pq) 

(3.16) " ~ 51] ( —Tj'^t^^^ + ^*^^*J' ) ^"^^^11:^ - ^« 

p — 1 ^—^ '—' 
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Notice that hutt = ^ii,tt — hu, by putting (|3.13p - ()3.16p into (jS.lip . recalling the definition 
of the operator L, we obtain 



L{bn) = ^Y^hHl^t + -^htaibn,t - ^htb'%i,t + ^^/i?&" 
^—^ ' p — 1 p — 1 



p 



T^?E^" 



j>2 



p-1 p-1 "^ p- 



i>2 



-hthaY.{U'fbu,i 



+ 2 J^ (-^h^S^j + huhtj]b'y^b''%k,ibjk,i 

+ -^h^thi y,{by + bn y^{huh''f. 
n — 1 ^-^ ^-^ 



Therefore, 



U = 26" Y. ^^'^h + —-^htaib'Xi^t - 4ht{b''fbu^t + 



11^2. , 2p 4^2(^11)2 



p — i ' ' ' p — 1 



i>2 



i>2 



(3.17) 



- ^-^hthtib"^ Y.^U'fbii,i - 46" Y. huhHHn,ibn,t 

^ i i,l 

+ 4/it(6")2 Y htjV'bii,j + 26" Yi^f^t^iJ + huhtjW'V^b''%k,ibjk,i 



By substituting (IXTUj) and (fXT?!) in dMD, we obtain 
(3.18) 



H^) = (b^^f Y (^h^t^^J + ^*^^*i) b''V'bu,ibii,J - 2 J^ hibHuAht + ^?i 

+ 26" J] 6" Y (^-[f't^iJ + ^*i^y ) b''b"bn,ibii,3 - 2 E htib'%iM,t + ^' 
+ -^htaib^%i,t - 4ht{b^^)Hu,t - -^hthtib^^ E(^")'^".i 

P — 1 P — 1 ^-^ 

i 

+ Aht{b'^fY^tibHii,i+qi{a)h1+q2{a)hl^+Y^^,M)hl 



2 
ILt 



i>2 
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where 

1 / „ n \ ^ ._ n \ I -n — I 1 - T) — I / 

2 



92 (a j 



{p-lf p-1 J' \{p-l)^ p-lj ^ 

p-1 p-1 ^ ' 

2a _ .ii , P-1-Pa.,in2 



g3,(«) = rCTi?^** + r-(^") • 

p — 1 p — 1 

Step 2: In this step we shall calculate L{e^'^) and obtain the formula (j3.27p . thus 
complete the proof of Theorem 11.21 
Notice that 

For /3 = l,a = — 1, in order to prove 

L{e'^'^) > mod Vef m Jl, 

it suffice to prove 

(3.20) L{ip) + j3ipf > mod Ve'P in 17, 

where we have modified the terms involving V^k/? with locally bounded coefficients. 
Now we compute /Sipf. By p.3p and the equation (]3.6p . we have 

„2 o«^,2 



/3a 



(p 
(3.21) 



-^/.?a? + ^ai E 46^^ + /3a^ V^ ( E ^*' ^") ' 

i ^ i ' 

+ ^haib'Xi^t + 2/3aV' ( E ^t^b''^ b'Xi,t 

+ (3{b'%i,t?. 
Jointing (j3.18p with (j3.2ip . we regroup the terms in L{(p) + ^ipf as follows 
(3.22) Liip) + ^ifl = p^ + p^ + p^ + P4, 
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where 

l>2 ^ i,j i ^ 

P2 = (1 + /3)(6ii6ii,i)' - 2(y^hub'%^%l,^ - -^htai + 2htb'' - -^hai 

\ ^-^ p — I p — 1 

i 

-f3ah^'Y.htib'']b'%i,t 

i ' 

^ - r^ ( E ht^b''''b''bn,^ - ^y^htai + 2htb'' - f3ah^' Y. ^^t^b'') , 

i,j \P / P />2 i 

- -A_^hthnb''Y{bybu,i+Aht{b''fYhub'%i,,, 



and 



P4 = qxW)h\ + q2{a)h\ + ^ '?3,»(a)4 + , ^\.2 ^t^f + ^^^1 E ^?i^' 



(p-l)2 * ^ p. 



i>2 

^ 2 
Lii 



In the fohowing, we wih make use of the first order condition, i.e. p.2[) . to calculate the 
terms P2 and P3. 
By (|3.2p . we have 

ft^^&iij = ^Z" ~ ah^^htj, for j = 1, 2, . . . , n - 1, 



hence 



P2 > - Y^ ( - a(l + /?) ^1 j; 46** - ^y^hai + 2htb''^ + P2(V,(^) 

(3.23) t-J t \z^ u J (p_i)2 1 + ^ t 1 1 + ^3*^^ 

- Ml + M y^ ^2 ^. ^ 4^^n y^ ^2,u + 1 4(l+^^2,n 

+ P2(Vev9), 
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i i 



p 

In a similar way, one can check that 

^,2 



P- 



(3.24) + -^h',b'' E b^'ib^'bl, + -^hlib^^f - -^hhnb'' Y^^b^^fb 

p — I ^-^ ' "p —\ p — 1 ^rr^ 

-Aab^'Y^'^tib^' + RsiVev), 

i 

where 



'HA 



i>2 



R,{Ve^) = E (^^?'^*^- + ^*^^*^) ^^^^'' (||^ - 2«V^/^*. 






p — 1 oOi ^-^ o6i 



For the fourth term and sixth term in p.24p . we have 



P 



^hy' E b'rfbi,, - -^h,h,b''Y.(bn\^^ 

i,l>2 ^ i>2 



(3.25) 



> 



P- 



-/'E^' 



i>2 



P- 

\2 nl TM7 



{htb^'bu^iY - 2htb'\,^i ■ hn 



> 



P- 



jh^b^'E^'^ 



i>2 



By iKMi and ^2B, 

^3 > -^ Eif^-b-f + a^K' ( E hlbA ' + -^6- E ^^^ 



(3.26) 



i>2 



P 



^/.?,6ii E^^^ + ^^?i(ft")' - 4a6ii E^?^^^^ + ^3(V.c^). 



j>2 
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Combining (l3:22D . (13:23]) and l[326h . we obtain 

i>M + M' > ri(a,/3)/i?+r2(a,/3)/i?i +^r3,i(a,/3)/i| + ii2(Ve¥') 
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i>2 



+ RsiVeip) + gi(a)/i? + g2(a)/i?i + ^ q?.A(^)hu, 



i>2 



where 



n(a,/3) 



/3a2 - 2/3a - 1 4/3a - 4p + 



+ 



(p- 1)2(1 + /3) (p-i)(i + /3) 



ai\2 



+ 



2/3a2 _ 4/5q, _ 2 
(p- 1)2(1 + /3) 



+ 



4(1 + ^a) 
(p-l)(l + /3) 






i>2 



(p- 1)2(1 +/3) 



i>2 



r2(a,/3) 



«' + 2« ^^iip 2(1 + a 
p — 1 



and 



'^3,i(a,/3) 



a 



P 



uii\2 



^^iiY^^v 



i>2 



p — 1 



+ 



2a' 



llrii 



-h''h- 



2a 



axt 



Then we finally get 

L(<^)+M2>^2 
+ 



/3a2 - /3a + a - 1 3/3a - a + (2p - 3)^5 - 2p + 5\ ,12 
(p- 1)2(1 + /3) + (p-1)(1 + /3) J^ ^ 

2/3a2 _ 2/3a + 2a - 2 4/3a - 2/3 + 2 \ , ^ 



(p- 1)2(1 + /3) 



(3.27) 



+ 



+ 



/3a2 — /3a + a — 1 
(p- 1)2(1 + /3) 



4/3a-2/3 + 2X ^ 
+ (p-l)(l + /3); ^^ 



i>2 
2 



a2 + (4-p)a + 3-p 



+E^: 



i>2 



p — 1 

2a2 
p — 1 



(/iti6 



11\2 



6^^6** + 



a — pa + p — 1 
p — 1 



i>2 



LM\2 



+ i?2(Ve(/7)+ii3(Ve</j). 

For a = —1 and /3 = 1, we have 

^ i>2 ^ i>2 

+ i?2(Ve(/^) + i?3(Ve(/j) 
>0 mod Vgip. 

So we finish the proof of (i). 
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To proof (ii), we set a = /3 = in (|3.27p . For n = 3, p = 2, since all the summations 
have just one term, we have 

L{v) > {hnh^^f + {ht2h^^f + i?2(Ve^) + R^{Ve^) > mod Ve^- 

Thus we complete the proof of Theorem 11.21 D 

4. Convexity of the smallest principal curvature of the convex level sets 

of minimal graph 

By the notations as in Section 2, the minimal surface equation can be written 

(4.1) hu = ^[(1 + hl)6i, + huht,p\ 

and the associated linear elliptic operator is 

(4.2) I = E 1(1 + "?)*« + '"M'-"'^-B^^ - 2 E "o'-^eSf + i- 

Set 

ip = a\og{-ht) + log6ii, 

where 6ii is the largest principal radius of the level sets. We will use the same techniques 
as in Section 3 to derive the following differential inequality 

(4.3) L{e^'P) > mod Ve^p in Q, 

where the elliptic operator L is given in ()4.2p and we have modified the term involving Vgip 
with locally bounded coefficients. Then by applying the maximum principle argument in 
Lemma 13. H we can obtain the desired result. As in Section 3, all the calculation will 
be done at the fixed point xq and we assume the matrix (bij) is diagonal at xq. In the 
following, we shall prove the theorem in two steps. 

Proof of Theorem \1.4\ 

Step 1: we first compute L{ip) in (j4.16p . 

Since 

if = alog{-ht) + log6ii, 
taking first derivative of 99, we get 

(4.4) ^ = ah^ihtj + b''bu„ 

(4.5) ^ = ah^^htt + b^%i,t. 
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Taking derivative of equation (j4.4p and (|4.5p once more, we have 

5V 



-ah^ '^htihtj + ah^ ^htji - ^ b^''brs,ib''^biij + b^^buji, 



' J r,s 

-— — = -ah^'^htihtt + ah^^htti - ^ b^''brs,ib''^bu,t + ^^^&ii,ti, 

* r,s 



at2 



-a/ij 24 + a^t ^^tit - Yj ^^''^rs,tb'^bii^t + b^%i,tt, 



hence 
(4.6) 



i,j i 

+ a/i.-i ( ^[(1 + hl)5ij + ht^htJ\U'V^htj^ - 2 Y hub^'htu + hu^ 



^,J 



+ b^^L{b 



= II + I2 + I3 + h. 

In the rest of this section, we wih deal with the four terms above respectively. By recalling 
our equation, i.e. 

(4.7) htt = 5^[(1 + /i?)<5,j + huhtjp^, 

SO at the point xq, we have 

(4.8) hu = {l + hf)a, + Yhlb'\ 

i 

where ai = ^^ 6" is the mean curvature of the level sets. 
For the term /i, we have 



-ah^ 



(4.9) 



(1 + hi) Y(hub'r +(yi ^i^'' - ^**) ' 



-ahi^{l + hi) Yihub'')^ - ah^\l + /i?)^ 



Now we treat the term /2. Differentiating (j4.7p with respect to t, we have 
(4.10) hut = 2hthttai + 2 J2 htihib'' -^[{1 + hl)8ij + huhtjW'V^bi^^f 



«j 
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By inserting (j4.10p into I2, we can get 

h = ah^^ ( ^[(1 + h^t)Sij + huhtjW'V^ihjit - bij,t) + 2hthuaij 
(4.11) = - a(l + hi) Y,{h''f - a Y,ihub''f + 2a(l + /i?)^? 

i i 

+ 2aai^46-, 



where we used the definition of the second fundamental form, i.e. (|2.2p . Combining (|4.9 
and (14. lip , we have 



h + h = - ahi^ Y^^htiU'f - 2a Y,{huh''f + a(l - hj^){l + hl)a 

(4.12) * ' 

-a(l + /i?)^(6-)2 + 2aai^/i|6-. 



As in Section 3, we shall compute L{hii) in advance in order to deal with the last two 
terms. By differentiating (|4.7p twice with respect to 0i, we have 



and 



htti = Y.[{1 + hl)6ij + huht,]ib'^ - E [(1 + ^?)'^^i + huhtjW%i,ib'^ , 



hull = J^[(l + h|)S^J + huhtj]uW - 2 J^ [(1 + h^^)5,, + huhtj]ib'Hki,ib'^ 

i,j i,j,k,l 

+ 2 Yl [(1 + hhS^J + huhtjWbrs,lb'Hkl,lb'^ 
(4.13) ij,k,l,s,r 

- ^ [(1 + hl)6,j + huhtjW%i^ub'^ 

i,j,k,l 
= J1 + J2 + J3 + J4. 
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By a similar computation as in (j3.13p - ()3.16p . we have 



(4.14) 



Ji = 2 J^ hub''bn,it + 2 J^ b'%^t + 2htaibn,t - ^htb^^bu,t - 2/i? J^ b'' 

i i i>2 

+ 2h',,Y.b'\ 

i>2 

J2 = - ^hthti Y,ibn%i,i - 4 5^ ht,b''Wibi,^ibu,t + ^htb"^ Y. t^tjV'buj, 

i i,j j 

J3 =2^[(1 + h^t)6ij + huhtj]b''V^b''%k,ib,k,i, 

ja= - ^[{1 + hi)5i, + huht,]b''vibii,i, - htt + (1 + hi)bu J2(^y 

+ buY.{hub''f. 



By (j4.13p and (j4.14p . recalling the definition of the operator L and using hmt = bn^tt — hu, 
we obtain 



L{bn) = 2 Y, b'%,t + 2htaibi,,t - 4.htb'%i,t - 2/i? Yl ^" 

i i>2 

+ 2hl Y b'' - "^htha Yib''fbii,i - 4^ /ii,-6^V^'6i,, 16^,* 

i>2 i i,j 

+ 4htb'^ Y ''t,^'bu,j + 2 Yii^ + hhS^J + huhtjW'V^b''%k,ibjk,i 

j i,j,k 

+ (1 + /i?)6n 2^(6")' + 611 5^(/iti6^^)2. 

i i 

Therefore, 

h = 2b'' Y ^''''h + '^htaibHu,t - 4htib'')Hii,t - 2hlb'' Y b'' 

i i>2 

(4.15) 



i>2 i i,j 



+ (l + /i?)5](6-)2 + ^(/i,,6^ 



ij,k 
ii\2 
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Combining (|iT6]) . (|4.12p and (|4.15p . we obtain 
(4.16) 
Z(v7) = {b'^f (^[{1 + hl)6,j + huhtjW'V^bn,ibu,j - 2 ^ hub%ii,ibu,t + 6?i,t 



+ 2611 Yl ^" ( E[(l + ^t)^'^ + /^t*/it,]6''?^'^'6iM&i/,j- - 2 Y. htib'%iM,t + &?/,i 
+ 2htaib'%i,t - ^ht{b'')\i,t - ^hthnb'' ^(6")'6,,,i + Ahtib'')^ ^ /iii6"6ii 



+ qi{a)h^t + g2(a)/i?i + J^ g3,i(a)/i| - a/i^ ^ ^(;j^^5n)2 _ ^^^ 2^2 
+ (1- a) 5^(6*^ 
where 



j>2 

r,«n2 



gi(a) = (611)2 _ 2(1 _ «)6ii ^6^^ + (1 - «) ^(6")^ + aT J] 6"] , 

i>2 i>2 ^ i>2 ^ 



g2(a) = (6ii)2 + 2(l + a)6ii^6^^ 



i>2 

Lin 2 



g3,i(a) = 2aai6** + (l-2a)(6")^. 

Step 2: In this step we shall calculate L{e^^) and obtain the formula (I4.24p . thus finish 
the proof of Theorem 11.41 

As in Section 3, for /? = 1 and a = — 1, in order to prove 

L{e'^'^) > mod Ve(p in fl, 

it suffice to prove 

(4.17) L{ip) + l3ipf > mod V^c^ in 0, 

where we have modified the terms involving Vg^p with locally bounded coefficients. 
Now we compute f5ipf . By (j4.5p and the equation (|4.7p , we have 

/3^2 ^ pa'^hfaf + 2/3aVi ^ /i|6^^ + /Sa^/j-^ ( ^ /if. ^" J + 2/3ahtaib^%i,t 

i i 

(4.18) + 2/3aV' 5Z htib''b''bu,t + (i{b''bu,t? + l^a^K^af 

i 

+ 2/3aVVi6ii6ii,t + 2/30^/17^(71 (hlui + ^ /i|6*M . 
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Jointing (j4.16p with ()4.18p . we regroup the terms in L{lp) + /3{p^ as follows 

(4.19) L{ip) + /3(^2 = p^ + P2 + P3 + P4, 

where 

/>2 ^ i,j i ^ 

P2 = (1 + /3)(6"6ii,t)2 - 2^ J] hub%'%i^i - htai + 2/1^6" - (3ahtai 

i 

- ^ah^^ Y^ hit'' - /3aVVi J 6^611,4, 

i ' 

h = (6")' ^^[(1 + h^t)S^J + huhj]U'V^bu,Mi,j - ^hthnb'^ Yibn\i,i 
+ 2(1 + /i?)5" Yl ^" Y.^^'')'bli,i + ^htib^'f E ht^b'%n,^, 



l>2 i 



and 



P4 = qi{a)hl + Q2ia)hti + ^ 93,i(a)/i?i + fSa'^hfaf + 2/3aVi ^ ^ti^*' 

i>2 i 

i i 

+ (1 - a) E(^'T + Po^K'^'^l + ^Pa^al + 2l3a^h^^ai ^ hlb'\ 

i i 

By the first order condition 
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& &ii,j = ^^ - "^t ^tj) for i = 1,2, . . . ,n - 1, 



A > - ^^ ( - a(l + /3) V^ E ^1^" - (1 + Poi)ht(yi + 2htb^^ - ^ahi^a^ 



hence we have 
1 

1 + /3 



2a(l + /3a)ai ^ /.^^^^ + 4a6" ^ ^?^^^^ + ^-^^^^hja.b^' " fS^*"'^' 

c^n 2r-2 >r^ r 2 7 ii 2/3q(1 + /3a) n 4/3a 11 - 

2/3a2/ij Vi E hlb'' - ^ ^' ^ ^^ V ^ + ^^^ '^i + ^2(V9^), 
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where 
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- (1 + I3a)htai + 2/ii6" - ^ah^'a^ ( ^ ^*^^"|^) • 



In a similar way, we can obtain 



Ps = a^ 



(4.20) 



where 



(1 + V^) Y^ihubn' + a^ V' ( Y, hlbA ' + 2a26n(i + h;') J^ /.^ 5^ 
+ 2(1 + /i2)6ii ^ 6"(6")'6?z,, + ^ahUb'^f - Ahthib'' Y.(^''fbu,i 

i,l>2 i>2 

-4a6ii5^46- + iJ3(Vev^), 

i 

jj- \ / \ J / 



For the fourth term and sixth term in P3, we have 



2(1 + /i?)6ii Yl b'\U'fbl^, - 4hthab'' Y.(^''fbu,i 



(4.21) 



i,l>2 

{htb%i,i) 



i>2 



2htb%i,i ■ h 



■ 'Hi 



>2b''J2^' 

i>2 

>-2hlb^^J2^'\ 

i>2 

By (lOOll and (jMID, we have 

Ps = a\l + hf) Yih^rf + a%^ ( Y hlbA ' + 2aH'\l + h^') ^ 4&. 



(4.22) 



i>2 



i>2 



Summing all the PjS, i = 1, 2, 3, 4, and rearrange the terms again, we have 
(4.23) Liif) + 13^1 >Qi + Q2 + M^e^) + RsC^eV^), 
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where 



Oi = K 



+ 



1 + /3 1 + /3 ^^ ^^ 



in2 



+ /3 
(l + /3a)(a-l) 



j>2 



i>2 



E^^ 



j>2 



11n2 



1 + /3 
+ j;(/it,)2[2a26ii5^^ + (1 - af{b'')% 



+ {l + aY{htib'') 



i>2 



and 



Q2 = a(a - 1) V' E(^*«^^^)' + 2«' V'^^' E ^t' ^^^ + "^^" /. ^^ V^^? 



i>2 



+ /3 



2/3a(a - 1 

7 



4/3a 






ai 



Set a = — 1 and /3 = 1. we have 

Z((^) + /3(^2 > 2(1 + /,2) ^ 5- (5- _ 5II) + 2 ^ /il 6-(6" + 26*^ 



j>2 



j>2 



+ 2V^ E(^*^^^^)' + 2V'^^^ E ^?^^^^ + I W? + 2a? 



(4.24) ' "^'^ A^v--- / . --I - /_^-ui~ ■ 2" 

i i>2 

> mod Vgip. 

Specially, for the 3-diniensional minimal graph, we can also take a = /3 = in ()4.23p . 
Since all the summations have just one term, we get 

L{v) > {htib^'f + {ht2b^'f + {b'')^ + {b'^f + iJ2(Ve<^) + RsiVe^) 
> mod Vgip. 

Thus we finished the proof of Theorem II. 4[ D 
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